The well-known Kummer's formula evaluates the hypergeometric series 2F1
The generalization
The result of this paper is a generalization of Kummer's identity (see [Kum36] ): .
(
The hypergeometric series on the left is defined if a − b is not a negative integer, and it is absolutely convergent for Re(b) < 1/2. After analytic continuation of 2 F 1 a, b 1+a−b z on C \ [1, ∞) the formula is correct for all complex a, b with a − b ∈ {−1, −2, . . .}.
The generalization here allows us to evaluate the hypergeometric series 2 F 1
A, B C
− 1 whenever C − A+ B is an integer, not only when C − A+ B = 1.
In this paper, whenever 2 F 1
z denotes a well-defined hypergeometric series, it also denotes its analytic continuation on C \ [1, ∞). The main result is the following.
Theorem 1 For an integer n and any complex a, b with a−b ∈ Z ≤0 and a, b ∈ Z the following formula holds:
where
for n ≥ 0
and for −n < 0
The theorem is fully proved in section 3. The key observation is that P (n) and Q(n) satisfy the same recurrence relation as the left-hand side of (2). In section 2 we recall some results of Whipple on hypergeometric series with argument −1 or 1, and prove formula (2) in a "classical" way under some assumptions. By specializing an identity of Whipple we obtain other evaluation of 2 F 1 a+n, b a−b − 1 in terms of terminatiing hypergeometric series. In section 4 the generalized formula is specialized to identities which expectedly can be proven by adopted versions Zeilberger's algorithm or related WilfZeilberger method. It seems that contiguity relations are very useful there. In fact, we will see the contiguity relations for 2 F 1 alone imply that formula (2) holds for some P (n), Q(n) ∈ C(a, b, n).
The finite sums in (4-7) can be rewritten as terminating hypergeometric series. The result for n ≥ 0 is:
and for −n < 0 is:
Note that the 3 F 2 (1) hypergeometric series are not well-defined because of the negative lower parameters −n or 1 − n. They should be interpreted as terminating series with (up to ±1) ⌊n/2⌋ terms.
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A "classical" proof
Assume that a, a − b and a − b are not non-positive integers, Re(a − 2b) > 0 and that n > 0. From the work of Whipple ([Whi24] , [Whi27] ) it follows that for ν ∈ {0, 1, 2, . . .
The first equality (11) is the Whipple's formula 
One can compute that
and in the same way, plus transformation (14),
Using these two limits and formulas (11-12) we derive
This proves the generalized formula (2) under specified assumptions. We also see that the generalized formula is true for non-integer values of n as well, if P (n) and Q(n) are defined as in (8).
It should be mentioned that (2) 
Here in the last step we sum even and odd terms separately. The second step (application of [Whi30, (8.41)]) can be derived from
The integral on the left is (up to Γ-factors) the Euler integral for 2 F 1 series (see [Erd53, form. 2.12(1)]). On the right one should expand (1 + t) n+1 , make the change of variable t → √ s and recognize the beta-integral [Erd53, form. 1.5(1)]. Of course, this step can be applied directly to 2 F 1 a+n, b a−b − 1 , but then one gets terms with n 2 in the arguments of Γ-functions in (18). Using transformation (14) on formula (18) one can obtain the same type expression (with terminating series) for negative n, which can also be obtained from Whipple's formula [Whi30, (8. 3)]) or using integral representions of hypergeometric functions.
A complete proof of the generalised formula
We use the following two Gauss relations for contiguous hypergeometric series, see [Erd53, form. 2.8(28),2.8(38)]:
They hold also for the analytic extension of the hypergeometric functions on
The contiguity relation (20) gives the following recurrence relation:
We claim that the sequences P (n) and Q(n) satisfy the same recurrence relation. One can verify the recurrence relations for n = −2, −1, 0 directly. The values of P (n) and Q(n) for n = −3, −2, −1, 0, 1 are To prove the claim in general we follow the "creative telescoping" method of Zeilberger ([PWZ96, Koe98] ). For n > 0 let
One can check that
so 2 (n + a) P (n + 1) − (3 n + 2 a) P (n) + (n + b) P (n − 1) =
Although this looks like an artificial trick, we follow the standard Wilf-Zeilberger method of proving combinatorial identities, see [PWZ96, Koe98] . The expression r 1 (n, k) is the certificate of our standartized proof. Given p(n, k) the recurrence relation for P (n) and the certificate r 1 (n, k) can be found by Zeilberger's algorithm. This algorithm is implemented in computer algebra packages EKHAD (see [Zei99] , command ct) and hsum.mpl (see [Koe99] , command sumrecursion with option certificate=true). Also check [VK00] for a link to a Maple worksheet for this proof. For the finite sums in this proof some attention should be given to their range because they are not natural according to [Koe98] . In the same way, for n > 0
Similarly one can prove that P (n) and Q(n) satisfy the recurrence relation (22) for negative n. However, much simpler certificates are obtained when we rewrite the sums in (6-7) with k replaced by n − k. We obtain:
It remains to note that recurrence relatio (22) does not degenerate to a first order relation for any integer n because of the assumptions a, b ∈ Z, and to check that formula (2) holds for two consecutive values of n. For n = −1 the formula becomes Kummer's identity (1), with a replaced by a − 1. For n = 0 we use the relation (21) and Kummer's identity again to obtain:
which implies the correct P (0) = 1 and Q(0) = 1. This proves the theorem. − 1 is not a rational function due to (1).
Other conclusion is that to prove automatically a formula like (2) one obviously needs an algorithm for finding solutions of a linear recurrence relation in the form of finite hypergeometric series as in (4-7) or (8-10). This is still an open problem. In fact, both summands in (18) satisfy the same recurrence relation (22) as P (n) and Q(n). So even the number of such solutions of a difference equations is not known.
